Cosmology with nonminimal kinetic coupling and a power-law potential by Skugoreva, Maria A. et al.
Cosmology with nonminimal kinetic coupling and a power-law potential
Maria A. Skugoreva,1 Sergey V. Sushkov,2, ∗ and Alexei V. Toporensky3
1Peoples Frendship University of Russia, Moscow 117198, Russia
2Institute of Physics, Kazan Federal University,
Kremlevskaya 18, Kazan 420008, Russia
3Sternberg Astronomical Institute, Moscow 119992, Russia
We consider cosmological dynamics in the theory of gravity with the scalar field possessing a
nonminimal kinetic coupling to gravity, κGµνφ
µφν , and the power-law potential V (φ) = V0φ
N .
Using the dynamical system method, we analyze all possible asymptotical regimes of the model
under investigation and show that for sloping potentials with 0 < N < 2 there exists a quasi-
de Sitter asymptotic H = 1/
√
9κ corresponding to an early inflationary Universe. In contrast to
the standard inflationary scenario, the kinetic coupling inflation does not depend on a scalar field
potential and is only determined by the coupling parameter κ. We obtain that there exist two
different late-time asymptotical regimes. The first one leads to the usual power-like cosmological
evolution with H = 1/3t, while the second one represents the late-time inflationary Universe with
H = 1/
√
3κ. This secondary inflationary phase depends only on κ and is a specific feature of the
model with nonminimal kinetic coupling. Additionally, an asymptotical analysis shows that for the
quadric potential with N = 2 the asymptotical regimes remain qualitatively the same, while the
kinetic coupling inflation is impossible for steep potentials with N > 2. Using a numerical analysis,
we also construct exact cosmological solutions and find initial conditions leading to the initial kinetic
coupling inflation followed either by a “graceful” oscillatory exit or by the secondary inflation.
PACS numbers: 98.80.-k,95.36.+x,04.50.Kd
I. INTRODUCTION
In recent decades plenty of remarkable results has been
achieved in the observational cosmology including pre-
cise measurements of the Cosmic Microwave Background
(CMB) radiation [1], systematic observations of nearby
and distant Type Ia supernovae (SNe Ia) [2], study of
baryon acoustic oscillations [3], mapping the large-scale
structure of the Universe, microlensing observations, and
many others (see, for example, the review [4]). These
achievements have set new serious challenges before the-
oretical physics and prompted many speculations mostly
based on phenomenological ideas which involve new dy-
namical sources of gravity that act as dark energy, and/or
various modifications to general relativity. The spectrum
of models, having been postulated and explored in re-
cent years, is extremely wide and includes, in particular,
Quintessence [5], K-essence [6], Ghost Condensates [7],
Dvali-Gabadadze-Porrati gravity [8], Galileon gravity [9],
and f(R) gravity [10] (see Refs. [11–18] for detailed re-
views of these and other models).
The most of phenomenological models represents vari-
ous modifications of scalar-tensor theories. Of particular
interest are models allowing for nonminimal couplings
between derivatives of scalar fields and the curvature.
As was shown by Amendola [19], a theory with deriva-
tive couplings cannot be recast into the Einsteinian form
by a conformal rescaling g˜µν = e
2ωgµν . He also sup-
posed that an effective cosmological constant and then
∗Electronic address: sergey˙sushkov@mail.ru
the inflationary phase can be recovered without consid-
ering any effective potential if a nonminimal derivative
coupling is introduced. Amendola himself [19] investi-
gated a cosmological model with the Lagrangian contain-
ing the only derivative coupling term κ2Rµνφ
,µφ,ν and
presented some analytical inflationary solutions. A gen-
eral model containing κ1Rφ,µφ
,µ and κ2Rµνφ
,µφ,ν has
been discussed by Capozziello et al [20]. They showed
that the de Sitter spacetime is an attractor solution in
the model. Further investigations of cosmological and as-
trophysical models with nonminimal derivative couplings
have been continued in [21–27].
Note that generally the order of field equations in mod-
els with nonminimal derivative couplings is higher than
two. However, it reduces to second order in the partic-
ular case when the kinetic term is only coupled to the
Einstein tensor, i.e. κGµνφ
,µφ,ν (see, for example, Ref.
[21]).1
In our recent works [21–23] we have investigated cos-
mological scenarios with with the nonminimal derivative
coupling κGµνφ
,µφ,ν , focusing on models with zero and
constant potentials. According to the parameter choices,
we have obtained the variety of behaviors including a
Big Bang, an expanding universe with no beginning, a
1 It is worth noting that a general single scalar field Lagrangian
giving rise to second-order field equations had been derived by
Horndeski [28] in 1974. The model with κGµνφ,µφ,ν represents
a particular form of the Horndeski Lagrangian. Recent interest
in second-order gravitational theories is also connected with the
Dvali-Gabadadze-Porrati braneworld [8] and and Galileon grav-
ity [9].
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2cosmological turnaround, an eternally contracting uni-
verse, a Big Crunch, and a cosmological bounce [22].
However, the most interesting and important feature we
have found is that the non-minimal derivative coupling
provides an essentially new inflationary mechanism and
naturally describe transitions between various cosmolog-
ical phases without any fine-tuning potential. The in-
flation is driving by terms in the field equations respon-
sible for the non-minimal derivative coupling. At early
times these terms are dominating, and the cosmological
evolution has the quasi-de Sitter character a(t) ∝ eHκt
with Hκ = 1/
√
9κ, where κ is a coupling parameter with
dimension of (length)2. Note that the estimations give
κ ' 10−74 sec2 [23]. Later, in the course of the cosmo-
logical evolution the domination of κ-terms is canceled,
the usual matter comes into play, and the Universe enters
into the matter-dominated epoch.
The scalar potential plays very important and, fre-
quently, crucial role in scalar-tensor theories of gravity.
Could the potential drastically modify cosmological sce-
narios with the non-minimal derivative coupling found
in models with zero and/or constant potentials? In the
present paper we study this problem for a power-law po-
tential V (φ) = V0φ
N .
II. ACTION AND FIELD EQUATIONS
Let us consider the theory of gravity with the action
S =
∫
d4x
√−g
{
R
8pi
− [gµν + κGµν]φ,µφ,ν − 2V (φ)} ,
(1)
where V (φ) is a scalar field potential, gµν is a metric, R
is the scalar curvature, Gµν is the Einstein tensor, and κ
is the coupling parameter with dimension of (length)2.
In the spatially-flat Friedmann-Robertson-Walker cos-
mological model the action (1) yields the following field
equations [23]
3H2 = 4piφ˙2
(
1− 9κH2)+ 8piV (φ), (2a)
2H˙ + 3H2 = −4piφ˙2
[
1 + κ
(
2H˙ + 3H2 + 4Hφ¨φ˙−1
)]
+8piV (φ), (2b)
(φ¨+ 3Hφ˙)− 3κ(H2φ¨+ 2HH˙φ˙+ 3H3φ˙) = −Vφ, (2c)
where a dot denotes derivatives with respect to time,
H(t) = a˙(t)/a(t) is the Hubble parameter, a(t) is the
scale factor, φ(t) is a homogenous scalar field, and Vφ =
dV/dφ. It is worth noticing that Eq. (2c) can be rewrit-
ten as follows [
a3(1− 3κH2)φ˙]˙ = −a3Vφ. (3)
In the case V (φ) ≡ const, when Vφ = 0, Eq. (3) can be
easily integrated:
φ˙ =
C
a3(1− 3κH2) , (4)
where C is a constant of integration.
Note that equations (2b) and (2c) are of second order,
while (2a) is a first-order differential constraint for a(t)
and φ(t). The constraint (2a) can be rewritten as:
φ˙2 =
3H2 − 8piV (φ)
4pi(1− 9κH2) , (5)
or equivalently as
H2 =
4piφ˙2 + 8piV (φ)
3(1 + 12piκφ˙2)
. (6)
Therefore, as long as the parameter κ and the potential
V (φ) are given, the above relations provide restrictions
for the possible values of H and φ˙, since they have to give
rise to non-negative φ˙2 and H2, respectively. Assuming
the non-negativity of the potential, i.e. V (φ) ≥ 0, we
can conclude from Eqs. (5) and (6) that in the theory
with the positive κ possible values of φ˙ are unbounded,
while H takes restricted values. Vice versa, the negative
κ leads to bounded φ˙ and unbounded H. Hereafter we
will suppose that κ > 0.
III. DYNAMICAL SYSTEM
In order to find asymptotic regimes of the system (2)
we introduce the following set of dimensionless variables
x =
8piφ˙2
6H2(1 + 8piκφ˙2)
, y = − 8piκφ˙
2
2(1 + 8piκφ˙2)
,
z =
8piV
3H2(1 + 8piκφ˙2)
, v =
φ˙
φH
. (7)
Generally, x characterizes the kinetic energy, and z char-
acterizes the potential energy of the scalar field, while y
is connected with non-minimal kinetic coupling. Corre-
spondingly, z = 0 if V = 0, and y = 0 if κ = 0.
Using new variables, we can rewrite Eq. (2a) as follows
x+ y + z = 1. (8)
The latter is a constraint for values of x, y and z. Us-
ing this constraint, we can exclude y from subsequent
relations.
Differentiating Eqs. (2a), (2c), and v = φ˙φH , we obtain
x′ = 2x [X(3− 2x− 2z)− Y ] , (9)
z′ = z [βv − 2Y + 4X(1− x− z)] , (10)
v′ = v [X − Y − v] . (11)
where the prime means a derivative with respect to ln a,2
and the following notations are used:
β =
φVφ
V
, X =
φ¨
φH
, Y =
H˙
H2
. (12)
2 One has the following relation: d
dt
= H d
d(ln a)
.
3The dimensionless parameter β depends on the specific
form of V (φ). Hereafter we will discuss the power-law
potential
V (φ) = V0φ
N . (13)
In this case we have β = N = const.
To express X and Y via x, y, v and N , we differentiate
Eq. (2a), and divide the obtained relation by 34piH
3(1 +
8piκφ˙2). After some algebra we obtain
2X(3− 2x− 3z)− 2Y (x+ z) +Nvz = 0. (14)
Then, dividing Eq. (2c) by 3
4piφ˙2
H3(1 + 8piκφ˙2), we can
find
X(1− z) + 2Y (1− x− z) + 3(1− z) + 1
2
Nvz = 0. (15)
Resolving this system with respect to X and Y yields
X =
1
∆
[
1
2
Nvz(x+ z − 2)− 3(1− z)(x+ z)
]
, (16)
Y =
1
∆
[
Nvz(x+ z − 1) + 3(1− z)(2x+ 3z − 3)
]
,(17)
where ∆ = −9x(1−z)−11z+5z2+4x2+6. Substituting
these relations into (9) we obtain finally the following
dynamical system:
x′ =
2x
∆
[
( 12Nvz(x+ z − 2)− 3(1− z)(x+ z))(3− 2x− 2z)−Nvz(x+ z − 1)− 3(1− z)(2x+ 3z − 3)
]
, (18a)
z′ =
z
∆
[Nv∆− 2Nvz(x+ z − 1)− 6(1− z)(2x+ 3z − 3) + 2(Nvz(x+ z − 2)− 6(1− z)(x+ z))(1− x− z)] ,(18b)
v′ =
v
∆
[
1
2
Nvz(x+ z − 2)− 3(1− z)(x+ z)−Nvz(x+ z − 1)− 3(1− z)(2x+ 3z − 3)− v∆
]
. (18c)
It is worth noting that the equations of the system (18)
are not independent, because there exists the following
dependence between the variables x, z, and v:
zvN (1−x−z) = −6N (8pi) 2−N2 V0κx
N+2
2 (2x+2z−3) 2−N2 .
(19)
Since the above relation is too complicated, in practice we
solve the system (18) straightforwardly, and then exclude
surplus solutions.
A. Stationary points, stability analysis, and
asymptotics
In this section we study stationary points of the dy-
namical system (18) and perform a stability analysis of
these points. To find a stationary point (x0, z0, v0), we
set x′0 = z
′
0 = v
′
0 = 0 in Eqs. (18) and solve the result-
ing algebraic equations. Then, we investigate its stability
with respect to small perturbations δx, δz, and δv around
(x0, z0, v0). Explicitly, we substitute
x = x0 + δx, z = z0 + δz, v = v0 + δv (20)
into Eqs. (18) and keep terms up to the first order in δx,
δz, δv. This leads to a system of first-order differential
equations
d
d(ln a)
 δxδz
δv
 =M
 δxδz
δv
 , (21)
whereM is a 3× 3 matrix which depends on (x0, z0, v0).
The stability of the stationary point (x0, z0, v0) is deter-
mined by corresponding eigenvalues (λ1, λ2, λ3) ofM. In
particular, if real parts of all eigenvalues are negative the
point is stable (local sink), if all real parts are positive
the point is unstable being stable while integrating in the
opposite time direction (local source), if there are eigen-
values with different signs of their real parts the point is
a saddle.
In the table I we enumerate all stationary points of the
dynamical system (18), briefly characterize their stabil-
ity, and give asymptotics for a(t) and φ(t). It is necessary
to stress that we only consider those points which satisfy
the additional constraint (19). Below, let us discuss the
stationary points in more detail.
1. The stationary point x = 0, y = 1, z = 0, v = 0.
In this case the eigenvalues read
λ1 = 3, λ2 = 3, λ3 =
3
2 .
4TABLE I: Stationary points of the dynamical system (18).
No Stationary point Stability Conditions of an existence
1. x = 0, y = 1, z = 0, v = 0 Unstable node ∀N , κ < 0, t→ t0
2. x = 1
2
, y = − 1
2
, z = 1, v = 0 Complex type 0 < N < 2, κ > 0, t→∞
3. x = 1, y = 0, z = 0, v = 0 Saddle point V (φ) ≡ 0, ∀κ, t→∞
4. x = 0, y = − 1
2
, z = 3
2
, v = 12
3N+2
Stable node N > 2, ∀κ, t→ t0
5. x = 3
2
, y = − 1
2
, z = 0, v = −3 Unstable node 0 < N < 2, κ > 0, t→ −∞
Since all eigenvalues are positive, this point represents
an unstable node for any κ, V0, and N . Substituting
x = 0, y = 1, z = 0, and v = 0 into Eq. (17), we find
that Y = − 32 at the stationary point. Then, using the
definition Y = H˙/H2, we can obtain an asymptotical
form of a(t):
a(t) = a0(t− t0)2/3. (22)
An asymptotic for φ(t) can be found from the relation
y = − 8piκφ˙2
2(1+8piκφ˙2)
(see Eq. (7)); putting y = 1 into the
latter yields
φ(t) = φ0 + φ1(t− t0), (23)
where φ21 = − 112piκ and κ < 0. Additionally one can
substitute the asymptotics (22) and (23) into Eqs. (7)
and check that x → 0, y → 1, z → 0, and v → 0 as
t → t0, where t0 is an initial moment of time. Note the
same asymptotic was also obtained in the model with
V (φ) ≡ 0 [21].
2. The stationary point x = 1
2
, y = − 1
2
, z = 1, v = 0.
In this case the eigenvalues are
λ1 = 0, λ2 = 0, λ3 = −3.
Since two of these eigenvalues are equal to zero, one needs
an additional study to characterize a stability of the sta-
tionary point. In the next section we will discuss this
problem using a numerical analysis.
To find an asymptotic for a(t), we take into account
that yx = −1 at the stationary point. By using the def-
initions (7) for x and y, we can obtain H2 = 13κ , which
is possible only if κ > 0. Now, the asymptotic for a(t)
reads
a(t) = a0e
t√
3κ . (24)
Analogously, to find an asymptotic for φ(t), we use the
relation zx = 2. Substituting Eqs. (7) into this relation
and integrating, we can obtain
φ(t) = φ0t
2
2−N , (25)
where φ0 =
[
1
2 (2−N)
√
V0
] 2
2−N . Additionally, substitut-
ing the asymptotics (24) and (25) into (7), one can check
that x → 12 , y → − 12 , z → 1, and v → 0 in the limit
t→∞ only if 0 < N < 2.
3. The stationary point x = 1, y = 0, z = 0, v = 0.
In this case the eigenvalues are
λ1 = −6, λ2 = 6, λ3 = 0.
Since two of three eigenvalues have opposite signs, this
stationary point is a saddle point for any κ, V0, and N .
From Eq. (17) we find Y = −3. Then, from the definition
(12) we obtain an asymptotic for a(t) as follows
a(t) = a0t
1/3. (26)
From the definitions (7) we conclude that φ˙2 → 0 if y →
0, and 8piφ˙2/6H2 → 1 if x→ 1. Integrating the relation
8piφ˙2/6H2 = 1 and using Eq. (26), we can obtain an
asymptotic for φ(t):
φ(t) = φ0 + φ1 ln t. (27)
with φ21 =
1
12pi . Additionally, one should check that the
relations (7) provide necessary limiting values. Substi-
tuting the asymptotics (26) and (27) into (7), we can see
that x→ 1, y → 0, and v → 0 at t→∞. However, it is
worth noting that the necessary limit z = 0 is only ful-
filled if V0 = 0, i.e. V (φ) ≡ 0. In this case we obtain the
well-known solution for a minimally coupled (i.e. y = 0
or, equivalently, κ = 0) massless (i.e. V = 0) scalar field
[21].
4. The stationary point x = 0, y = − 1
2
, z = 3
2
, v = 12
3N+2
.
In this case the eigenvalues are
λ1 = −6(N − 2)
3N + 2
, λ2 = −6(N + 2)
3N + 2
, λ3 = −6.
Note that λ2 and λ3 are negative, while a sign of λ1
depends on N . Namely, (i) λ1 < 0 if N > 2, and hence
the stationary point is an attractive node; (ii) λ1 > 0 if
N < 2, and the stationary point is a saddle point; (iii)
λ1 = 0 if N = 2, and one needs an additional study to
characterize a stability of the stationary point. Assume
that N 6= 2. Now, using Eq. (17), we find Y = 3(N−2)2N+2 .
The corresponding asymptotics for a(t) are as follows:
a(t) = a0(t− t0)−
3N+2
3(N−2) . (28)
5In order to obtain the asymptotical behavior of φ(t), we
use the definition v = φ˙φH . In our case we find
φ˙
φH =
12
3N+2 . Then, integrating gives
φ = Ca
12
3N+2 , (29)
where C is a constant of integration. Substituting Eq.
(28) into the latter relation yields
φ(t) = φ0(t− t0)− 4N−2 (30)
Additionally, substituting the asymptotics (28) and (30)
into (7), one can check that x → 0, y → − 12 , z → 32 ,
and v → 123N+2 in the limit t → t0 only if N > 2. It
is clear that for N > 2 this point represents a Big Rip
asymptotic.
5. The stationary point x = 3
2
, y = − 1
2
, z = 0, v = −3.
In this case the eigenvalues are
λ1 = 3(2−N), λ2 = 6, λ3 = 3.
Since two of three eigenvalues are positive, this point
is unstable for any κ and V0. Namely, it is a saddle if
N > 2, or an unstable node if N < 2. Using Eq. (17), we
calculate Y = 0, and hence the relation Y = H˙H2 yields
H = const. Now, using the other relation yx = −3κH2,
we obtain H2 = 19κ , which is possible only if κ > 0. The
resulting asymptotic for a(t) is
a(t) = a0e
t√
9κ . (31)
Substituting v = −3 and H = 1√
9κ
into the relation
v = φ˙φH , we can obtain the asymptotic for φ(t):
φ(t) = φ0e
− t√
κ . (32)
Taking into account the definition (7), we can see that
φ˙2 →∞ if y → − 12 . Hence the asymptotics (31) and (32)
are realized at t→ −∞. Additionally, let us consider an
asymptotical behavior of z. For the power-law potential
the definition (7) gives z = 8piV0φ
N
3H2(1+8piκφ˙2)
. Substituting
the asymptotics (31) and (32) into the latter relation, we
can see that z → 0 at t → −∞ only if 0 < N < 2. Note
that the same asymptotic have also been obtained in the
model with V (φ) ≡ 0 [21].
IV. EXAMPLES OF COSMOLOGICAL
SCENARIOS
In this section we examine some specific cosmologi-
cal scenarios corresponding to specific potential choices.
Since we are mostly interesting in the inflation driven by
nonminimal kinetic coupling, hereafter we will assume
κ > 0.
First, let us separate the equation for φ and H. For
this aim we resolve Eqs. (2b) and (2c) with respect to H˙
and φ¨ and then, using the constraints (5) and (6), we can
eliminate φ˙ and H from respective equations and find
φ¨ =
−2√3piφ˙[1 + 8piκφ˙2 − 8piκV (φ)]
√
[φ˙2 + 2V (φ)](12piκφ˙2 + 1)− (12piκφ˙2 + 1)(4piκφ˙2 + 1)Vφ
1 + 12piκφ˙2 + 96pi2κ2φ˙4 + 8piκV (φ)(12piκφ˙2 − 1) , (33)
H˙ =
−(1− 3κH2)(1− 9κH2)[3H2 − 8piV (φ)] + 4√piκH√(1− 9κH2)[3H2 − 8piV (φ)]Vφ
1− 9κH2 + 54κ2H4 − 8piκV (φ)(1 + 9κH2) . (34)
We mention however that although the φ-equation does
not contains H-terms, the H-equation in general contains
φ-terms arising from the potential V (φ). For this reason,
in practice we will construct a solution H(t) by substi-
tuting φ, found as a numerical solution of Eq. (33), into
(6).
A. Oscillatory asymptotic
Asymptotical properties of Eqs. (33), (34) depend on
asymptotical values of the derivative φ˙ and the scalar
potential V (φ). First, let us suppose that corresponding
asymptotical values are sufficiently small, so that
8piκφ˙2  1, 8piκV (φ) 1.
6By neglecting corresponding terms, Eq. (33) takes the
following approximate form:
φ¨ = −2
√
3piφ˙
√
φ˙2 + 2V (φ)− Vφ. (35)
It is worth noting that this equation does not contain κ
and has the same form as in the theory of the usual min-
imally coupled scalar field. It has well-know asymptotics
which are represented as damped oscillations. In the par-
ticular case of the quadratic potential V (φ) = V0φ
2 one
has [29]
φt→∞ ≈ sinmt√
3pimt
, (36)
and
Ht→∞ ≈ HMD(t)
[
1− sin 2mt
2mt
]
, (37)
where m =
√
2V0 is a scalar mass and HMD(t) = 2/3t is
the Hubble parameter in the matter-dominated Universe
filled with nonrelativistic matter with p ρ.
B. Exponential asymptotic
Now, let us assume that the scalar field has an expo-
nential asymptotic:
φ(t) ≈ φ0eλt, (38)
where λ > 0 if t → ∞, and λ < 0 if t → −∞. In
this case, asymptotically, φ ∼ φ˙ ∼ φ¨. Since asymptotical
properties of V (φ) = V0φ
N depend on N , we will consider
different cases separately.
N < 2. In this case, asymptotically, V (φ) = V0φ
N 
φ˙2, Vφ = NV0φ
N−1  φ˙. Substituting the asymptotic
(38) into (33) and using the relevant asymptotical prop-
erties, we can find
λ = − 1√
κ
. (39)
Since λ = −1/√κ < 0, the corresponding asymptotic
(38) is carried out at the distant past, i.e. at t → −∞.
Moreover, the requirement that λ should be real yields
κ > 0. Now, from Eq. (38) we find
φt→−∞ ∼ e−t/
√
κ. (40)
Then, using the constraint (6), we can obtain the asymp-
totic for H:
Ht→−∞ ∼ 1/
√
9κ. (41)
This inflationary asymptotic corresponds to the station-
ary point 5 which is a local source for phase trajecto-
ries. It should be emphasized that the standard inflation
regime for a minimally coulped scalar field does not share
this property. Moreover, the exponential regime is highly
unprobable during the contraction phase of the Universe
and requires some special initial conditions [29]. On the
contrary, in the theory with nonminimal kinetic coupling
all trajectories in our numerical experiments (for full nu-
merical results see below) have reached this regime in a
far past.
N = 2. The point 5 does not exist for quadratic poten-
tial, so we provide a special analysis for this physically
important case. We have now V (φ) = V0φ
2 ∼ φ˙2, Vφ =
2V0φ ∼ φ˙. Using the asymptotic (38), we can find from
Eqs. (33), (6) the following asymptotical solutions:
φt→±∞ ∼ exp
[
− t√
κ
1− µ√
1 + 2µ
]
, (42)
Ht→±∞ ∼
√
1 + 2µ
9κ
, (43)
where κ > 0 and µ is an auxiliary parameter, which can
be found as a solution of the following equation:
κV0 =
µ(1− µ)2
(1 + 2µ)
. (44)
The latter is a cubic equation with respect to µ. Gener-
ally, it has three roots −0.5 < µ1 < 0.25, 0.25 < µ2 < 1,
and µ3 > 1 provided κV0 < 3/32. For κV0 = 3/32 two
roots are coinciding, so that µ1 = µ2 = 0.25. In case
κV0 > 3/32 the only root µ3 > 1 remains. Supposing
that κV0  1, we can easily obtain the approximate so-
lution of Eq. (44):
µ1 ≈ κV0, µ2 ≈ 1−
√
3κV0, µ3 ≈ 1 +
√
3κV0. (45)
Correspondingly, Eqs. (42) and (43) lead to the following
three asymptotics:
A1. φt→−∞ ∼ exp
[
− t√
κ
(1− 2κV0)
]
,
Ht→−∞ ∼ 1√
9κ
(1 + κV0), (46)
A2. φt→∞ ∼ exp
[
t
√
3V0
]
,
Ht→∞ ∼ 1√
3κ
(
1 +
√
κV0
3
)
, (47)
A3. φt→−∞ ∼ exp
[
−t
√
3V0
]
,
Ht→−∞ ∼ 1√
3κ
(
1−
√
κV0
3
)
. (48)
Note that the asymptotics A1 and A3 are realized at the
distant past t→ −∞, while the asymptotic A2 is carried
out at the future t→∞.
N > 2. In this case V (φ) = V0φ
N  φ˙2, Vφ =
NV0φ
N−1  φ˙, and one can check straightforwardly
that φ(t) ∼ eλt cannot be an asymptotic of Eq. (33)
at t→ ±∞.
7C. Cosmological model with V (φ) = V0|φ|3/2
Let us consider the specific choice for the scalar poten-
tial. We start with the N < 2 case. Namely, we assume
that N = 32 , so that
V (φ) = V0|φ|3/2. (49)
In order to present the cosmological scenario in this case
more transparently, we perform a numerical elaboration
of the model given by Eqs. (33) and (6). The numerical
results are presented in Figs. 1 and 2.
As was shown in the previous section, a typical trajec-
tory starts with the inflationary regime (40)-(41). The
numerical analysis gives that there exist two possibilities
for the final fate of the trajectory: either it reaches the
near-Einstein regime with small and dumping oscillation
of the scalar field, or the evolution finishes in the second
inflation described by Eqs. (24)-(25). The latter leads
to an eternal inflation, so it suffers from the graceful exit
problem. Our numerical data show that for both κ and
V0 being below unity the oscillatory regime dominates
in the future evolution, avoiding any difficulties with the
graceful exit. In Fig. 1 a family of trajectories has been
plotted for κ = 0.1, V0 = 0.1. Most of trajectories ends
with scalar field oscillations. What is interesting, trajec-
tories with big enough initial values of φ˙ plotted in Fig.
2b fall into oscillation not directly, but passing through
a temporal second inflation phase. This property once
more indicates the existence of rather complicated dy-
namics in the vicinity of the point 2. This point acts
first as an attractor, and then as a repeller, giving the
desired exit from inflation. Such the dynamical behavior
is similar for the standard inflation case [30] (for a recent
development see, for example, [31], without, of course,
any preceding inflation phase).
The qualitatively different cosmological behavior is
represented by the other set of initial conditions plot-
ted in Fig. 2a. Here we can see a trajectory which
transits from the initial inflationary regime into the sec-
ondary one which never ends. We come to the conclusion
that for some initial data (the trajectory 6 corresponds
to big enough initial values of the scalar field and its time
derivative) the point 2 can be stable. A complete descrip-
tion of the point 2 requires a future work, here we only
indicate that for reasonably small values of κ all trajec-
tories with not so big initial values of φ˙ do not enter an
eternal secondary inflation.
We should also stress an important difference between
standard inflation and inflation described by the point
5 of the present model. In the standard inflation initial
conditions are almost completely erased. In the inflation
under consideration the behavior of the scalar field is dif-
ferent from the usual slow-roll regime, and the value of
φ˙ at the end of inflation can be different and depends
on initial conditions. This leads to different fate of tra-
jectories after inflation, which can be clearly seen in the
Fig. 2 where there are trajectories falling into oscillatory
(a)
(b)
FIG. 1: Phase diagrams for the scalar field φ(t) are presented
for the coupling parameter κ = 0.1 and the potential V (φ) =
V0|φ|3/2 with V0 = 0.1. The solutions are constructed for
initial conditions φ(0) = φ˙(0) = {0.5, 1, 1.5, 2.3, 3.5, 5} [plot
(a)], and φ(0) = −φ˙(0) = {0.1, 1, 2.5, 5, 7.5} [plot (b)]. Phase
trajectories in the vicinity of zero are shown separately on
small plots.
regime directly after first inflation, trajectories reaching
oscillation after transient second inflation and trajecto-
ries never leaving the second inflation.
8(a)
(b)
FIG. 2: Graphs of H(t) are presented for the coupling pa-
rameter κ = 0.1 and the potential V (φ) = V0|φ|3/2 with
V0 = 0.1. The solutions are constructed for initial con-
ditions φ(0) = φ˙(0) = {0.04, 0.5, 1, 1.5, 3.5} [plot (a)], and
φ(0) = −φ˙(0) = {0.05, 1, 2.5, 10, 100, 500, 5000} [plot (b)].
The lower and upper dotted line show the asymptotics 1/
√
9κ
and 1/
√
3κ, respectively.
D. Cosmological model with V (φ) = V0φ
2
We remind a reader that in this case there are in gen-
eral one or three exponential asymptotics depending on
the value of the product κV0. In the latter case in all
our numerical simulations the asymptotic (A1) is a local
source. After this inflation ends the trajectory can go ei-
ther to the asymptotic (A2) or to oscillatory regime. Our
numerical results show that the asymptotic (A2) appears
to be stable and the only possible way to reach “graceful”
exit is to avoid it. On the other hand, the third asymp-
totic (A3) can provide a transient inflation phase for ap-
propriate initial conditions (see Figs. 3 and 4). Note
that the case of single root is not favorable for inflation-
ary scenario, because the single asymptotic appears to
be stable and does not allow an exit from inflation.
(a)
(b)
FIG. 3: Phase diagrams for the scalar field φ(t) are pre-
sented for the coupling parameter κ = 0.1 and the potential
V (φ) = V0φ
2 with V0 = 0.1. The solutions are constructed for
initial conditions φ(0) = φ˙(0) = {0.5, 1, 1.5, 2.3, 3.5, 5} [plot
(a)], and φ(0) = −φ˙(0) = {0.1, 1, 2.5, 5, 7.5} [plot (b)]. Phase
trajectories in the vicinity of zero are shown separately on
small plots.
Since for N ≥ 2 the early time inflationary regime is
9(a)
(b)
FIG. 4: Graphs of H(t) are presented for the coupling
parameter κ = 0.1 and the potential V (φ) = V0φ
2 with
V0 = 0.1. The solutions are constructed for initial conditions
φ(0) = φ˙(0) = {0.04, 0.5, 1, 1.5, 3.5} [plot (a)], and φ(0) =
−φ˙(0) = {0.05, 1, 2.5, 10, 300, 30000, 3000000} [plot (b)]. The
dotted lines show the asymptotics Ht→−∞ ≈ 1/
√
9κ(1 +κV0)
[lower line], Ht→∞ ≈ 1/
√
3κ
(
1−√κV0/3) [middle line], and
Ht→∞ ≈ 1/
√
3κ
(
1 +
√
κV0/3
)
[upper line].
absent, we do not consider this case in the present paper.
For such potentials the point 4 is stable, so we can sug-
gest that the dynamics is dominated by a phantom-like
behavior. We leave studies of non-inflationary regimes in
the model under consideration to a future work.
V. CONCLUSIONS
We have considered cosmological dynamics for the
FRW Universe filled with a scalar field with kinetic cou-
pling in the action (1). One of the most intriguing fea-
ture of this model found earlier [21–23] is existence of
inflationary behavior at early time in the case of zero
or constant potential of the scalar field, i.e. solely due
to the coupling. This regime exists only for positive cou-
pling constant κ. In the present paper we study influence
of nonzero scalar field potential (for a negative κ infla-
tionary regime is absent for zero potential, and nonzero
potential leads to inflation qualitatively the same as in
the case of minimally coupled scalar field [27]).
We have found that for the case of the quadratic poten-
tial, most interesting with the physical point of view, the
inflationary regime exists for appropriate values of scalar
field mass and coupling constant. As for other power-law
potentials, using theory of dynamical system methods,
we have found two other stable asymptotic regimes. One
regime leads to big rip singularity, and exists for poten-
tials steeper than the quadratic one. In this case the
inflationary regime does not exist, so steep potentials de-
stroy the scenario of Ref.[23].
On the other hand, for potentials which are more slop-
ing than the quadratic one the inflationary regime ap-
pears to be exactly the same as for zero/constant poten-
tial. However, a new stable asymptotic regime appears
which represents exponential expansion and power-law
increase of the scalar field. From the viewpoint of expan-
sion dynamics, it is an eternal inflation, so if the initial
inflation ends by reaching this regime, actual exit from
inflation is absent. This is a danger for this model. Our
numerical study shows, however, that for wide range of
parameters of the theory a trajectory which exits from
initial inflation typically does not reach the eternal sec-
ondary inflation regime, and scalar field finally falls into
oscillations.
In a summary, the scenario of initial inflation driven
by the nonminimal kinetic coupling survives for a wide
range of parameters provided the scalar potential is not
steeper than the quadratic one.
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